This paper focuses on the delay induced Hopf bifurcation in a dual model of Internet congestion control algorithms which can be modeled as a time-delay system described by a one-order delay differential equation (DDE). By choosing communication delay as the bifurcation parameter, we demonstrate that the system loses its stability and a Hopf bifurcation occurs when communication delay passes through a critical value. Moreover, the bifurcating periodic solution of system is calculated by means of perturbation methods. Discussion of stability of the periodic solutions involves the computation of Floquet exponents by considering the corresponding Poincaré -Lindstedt series expansion. Finally, numerical simulations for verify the theoretical analysis are provided.
Introduction
Congestion control algorithms and active queue management (AQM) for the Internet have been the focus of intense research since the seminal work of Kelly [1] . The primal and dual algorithms they have introduced are based on user utility and link pricing (explicit feedback) functions, where the sum of user utilities are maximized within the capacity (bandwidth) constraints of the links [2] .
Congestion control schemes can be divided into three classes: primal algorithms, dual algorithms and primal-dual algorithms [3] . In primal algorithms, the users adapt the source rates dynamically based on the route prices (the congestion signal generated by the link), and the links select a static theorem introduced in [21] to determinate the bifurcating periodic solutions and the stability and directions of the Hopf bifurcation. Recently, perturbation methods have shown the efficacy in studying the local dynamics near a Hopf bifurcation [22] [23] . Compared with the center manifold reduction, the perturbation methods involve easy computations only, but yield the results of high accuracy [24] . Thus, in this paper we attempt to use perturbation methods to study the dynamic behavior in a fair dual algorithm of congestion control system. It should be noted that unlike the research in [20] in which the author has introduced a non-dimensional parameter, here we consider the communication delay as the bifurcation parameter, as the delay between the user and the source may vary depending on the network congestion status. Moreover, we still note that Wang et.al [17] have studied the Hopf bifurcation in a one-order REM congestion control algorithm model using perturbation method, but in their model they only considered the delayed term. While in our model described below, it contains not only the delayed term, but also the instantaneous term. Therefore, our study is more general.
The rest of this paper is organized as follows. In Section 2, by analyzing the corresponding characteristic equation of linearized equation of the dual model of the congestion control system, we derive the linear stability criteria and the existence of the Hopf bifurcation. The properties of bifurcating periodic solutions are determinated by using the perturbation methods in the following two sections. Numerical simulations and conclusions are given in Section 5 and 6, respectively.
Hopf bifurcation analysis
In this section, we consider the following dynamical representation of a fair dual congestion control algorithm [20] :
where ( ) ( ( )) x t f p t = is a nonnegative continuous, strictly decreasing demand function and has at least third-order continuous derivatives. The scalar c is the capacity of the bottleneck link and the variable p is the price at the link. k is a gain parameter. Let * p be an non-zero equilibrium point of (1 
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Therefore, the equation (2) can be rewritten as
Consider the linearized equation of (3), namely 
And from the second equation of (5), we know
Therefore, equation (4) Finally, we now satisfy the transversality condition of the Hopf spectrum, i.e., Re
Based on above analysis, we can get the following theorem by applying the Hopf bifurcation theorem for delay differential equations [21] . (1) is asymptotically stable. When the delayτ passes through 0 τ , there is a Hopf bifurcation of system (1) at its equilibrium point * p .
Delay induced bifurcating periodic solutions
In this section, based on the perturbation method, we analyze the bifurcating periodic solution of system (1) π ω periodic in t will correspond to solutions which are 2π periodic in s .
Therefore, equation (1) can be rewritten as
And equation (3) can also be rewritten as
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The solution of equation (10) can be expressed in the form of perturbation series where
The periodic solutions of nonlinear system (10) have periods depending on the parameterτ ;
hence we perturb both the frequency and delay as follows .
From equation (11) and (12), we obtain
where [ ]
It is clear that all ( ) i u s are 2π periodic in the variable s . Substituting these expressions into (10) and using equation (11)- (13), we can obtain the following equations by equating the coefficients of the various terms involving powers of ε .
Therefore, it is obvious that 0 ( ) u s is governed by 0 0 20 00
In order to find a 2π periodic solution of (14) 
After finding the perturbed parameter values, we can write down the approximate solution of equation (3) as
where 0 ( ) u s and 1 ( ) u s are given in equation (15) and (17) ω determinates the period of the bifurcating periodic solutions.
Stability of the bifurcating periodic solutions
In this section, we study the local stability of the bifurcating periodic solution by computing the Floquet exponents. We first rewrite the solution (20) into the following form 
where g is a nonlinear term in Z and is of 
We note that ( ) u s ε is a solution of equation (9) 
This shows that / du ds is also a solution to equation (22) . We will use this fact in that follows.
To study the linear stability of this periodic solution, we then compute the Floquet exponent. where ( ) q s is 2π periodic in s . We call η the Floquet exponent and exp (2 ) πη the Floquet multiplier. The stability of the trivial solution of equation (22) 
In addition, inserting the expression (25) in (27) and making use of the fact that / du ds is a solution to equation (22) (10), (11), (21), (24)- (26) 
Observe that equation (29) is the same as equation (14) and hence a 2π periodic solution of equation (29) 
Using equation (17) ω determines the period of the bifurcating periodic solution. If 2 0 ω < ( 2 0 ω > ), the period of the solution increases (decreases).
Numerical simulations
This section gives some numerical simulations to verify the analysis above. We consider the fair dual which give a proportionally fair resource allocation, i.e., Whenτ passes through the critical value 0 3.1416 τ =
, the equilibrium loses its stability and a Hopf bifurcation occurs, i.e., a family of periodic solutions bifurcate from * p . In addition, by theorem 2, the periodic orbits are stable since 2 0 η < . Also as 2 0 τ > , the bifurcation at * p is supercritical and the bifurcating periodic solutions exist at least for τ slightly larger than the critical value. Figure 3 
